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ABSTRACT 
A matrix inequality with weights is established, and some inequalities on vertex 
angles of an n-dimensional simplex are derived. 
1. A MATRIX INEQUALITY WITH WEIGHTS 
Let (aij>,” denote the n X n matrix A, let Ai, i = 1,2, . . . , n, denote the 
(n - I)st complementary minors corresponding to the main diagonal ele- 
ments aii in A, and let 1 Al = det A. 
We prove the following theorem. 
THEOREM 1. Suppose that A = (aij>,” is a positive semidefinite symmet- 
ric mat& of rankn - 1, and x1, x2,. . . , x, are real positive constants. Then 
the inequality 
(1) 
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holds, and the equality occurs if and only if all nonzero eigenvalues of X-lA 
are equal, where 
0 
xn I. 
Proof. Let B = X-IA. Then the matrix B can be rewritten in the form 
B = X-r/2( X-‘/QX’/2) XV, 
and B is similar to a matrix that is congruent to A. According to Sylvester’s 
inertia theorem (see [l, (4.5.8)]), 11 ‘g a er envalues of B are nonnegative. 
Since the matrix A is of rank n - 1, we have ] A] = 0, 1 B 1 = 0, and the 
rank of B is also n - 1. So one of eigenvalues of B is zero, and the 
remaining n - 1 eigenvalues are positive. Without loss of generality, we 
assume that Ar, A,, . , A, _ 1 are positive eigenvalues of B, and A, is a zero 
eigenvalue of B. 
Denote by E,(B) th e sum of all the k x k principal minors of B, and 
denote by S,(A,, A,, . . . , A,) a kth elementary symmetric polynomial of the 
eigenvalues A,, A,, . . . , A,. According to the fairly well-known fact that 
E,(B) = Sk(A,,A,,...,A,) 
(see [l, (1.2.10), (1.2.11)]) and the arithmetic-geometric mean inequality, 
and noting A,, = 0, we have 
E;=lXiAi 
rIy=,xi 
= % l(B) 
= S,_ 1( A,, A,, , A,) 
= i$l ]$ AJ 
n-l 
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( 
n-l 
1 
n-l 
< (n - 1))’ c hi 
i=l 
= (n-l)-’ FAi 
i i 
n-1 
i=l 
= ((n - I)-'E,(B))"-' 
= (n - l)-‘i$l z) 
i 
n-1 
1 
Rearranging it, the required inequality (1) is derived. The case of equality 
follows as before. W 
2. APPLICATIONS 
Let 7= (P,,P,,..., P,+ 1} denote the vertex set of the n-dimensional 
simplex fi in the Euclidean space E”, let Fj denote the (n - l)-dimensional 
face corresponding to the vertex Pi, let cr,, ( = (Y,,) denote the internal 
dihedral angle between F, and F,, and let 
Ai = 
Then 
1 
1 -cos a!,, 1 -cos CY,, * 1 
n ) l<r<s<n+ 
1 
n 
1, r,s Zi. 
(2) 
0, = arcsinJ= (3) 
is called the vertex angle at Pi of the simplex CR [2]. 
Suppose that e,,e,,. ..,e,+, are the unit outer normal vectors on n + 1 
faces of the n-dimensional simplex Sz. Since e,, e2, . , e,, i are linearly 
dependent, and n arbitrary vectors among them are linearly independent, the 
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metric matrix ((e,, ej))iTi of these n + 1 vectors is positive semidefinite, 
where (e,, ej> denotes the scalar product of e, and ej. Noting that 
(e,,ej> = 
i 
-cos aij for i Zj, 
1 
for izz j7 
we have 
1 
1 -cos aij 
1 
-cos a$ 1 1 
n+l 
2 A, (4 
J n+l 
which is a symmetric matrix because -cos oj, = -cos qi. 
We prove the following theorem. 
THEOREM 2. Suppose that 8,, 8,, . . , 0, + 1 are the vertex angles of the 
n-dimensional simpler Ln, and x1, xp, . . , x, + 1 are real positive constants. 
Then the inequality 
(5) 
holds, and the equality is true if Sz is a regular simplex and x1 = x2 = 1.. = 
X n+ I’ 
Proof. From (2) and (3) we get 
sin’ Bi = det Ai, i = 1,2 ,..., n f 1. 
Applying Theorem 1 to the positive semidefinite symmetric matrix A defined 
by (4) and noting that aii = 1, and n and Aj are replaced by n + 1 and 
det Ai respectively, we have 
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Rearranging this, the inequality (5) . IS obtained. Obviously, if s1 is a regular 
simplex and xi = x2 = *a* = x,, i, then the equality occurs. n 
From Theorem 2 we can derive some interesting inequalities. 
COROLLARY~. Suppose that 8,, e,, , . , 0, + 1 are the vertex angles of the 
n-dimensional simplex R. Then 
ni1sin’ 0, G (1 + i)n, 
i=l 
and the equality is true if 0 is regular. 
Proof. Taking xi = x2 = --- = x,+i = 1 in (5) of Theorem 2, we 
obtain the required inequality (6). n 
The above corollary is the result in [3]. 
COROLLARY 2. Suppose that t?,, 8,) . . . , fl,, 1 are the vertex angles of the 
n-dimensional simplex R, and x1, x2,. , x,+~ are real positive constants. 
Then 
n+1 
C xi sin ei < 
i=l 
&( ~<'i)"'( $xi)l’z( I< t)n’2. (7) 
and the equality holds if R is regular and x1 = x2 = ‘1’ = x,+~. 
Proof. It is obvious that the function y = x2 is convex for x > 0. 
According to the Jensen inequality for convex functions, we have 
By using (5) in Theorem 2 and taking the square root, the inequality (7) is 
obtained. 1 
Letting n = 2 in (7) of Corollary 2, we get an inequality in the triangle 
ABC: 
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which is the result obtained by M. S. Klamkin in [4] (1984). Thus, Corollary 2 
is a generalization of Klamkin’s inequality to higher-dimensional simplexes. 
The authors would like to thank the referee for his valuable suggestion on 
improving the proof of Theorem 1. 
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